Abstract. We consider a fibered Lagrangian L in a compact symplectic fibration with small monotone fibers, and develop a strategy for lifting Jholomorphic disks with Lagrangian boundary from the base to the total space. In case L is a product, we use this machinery to give a formula for the leading order potential and compute the self-intersection Floer cohomology.
One of many fundamental problems in modern symplectic topology is finding Lagrangians that are non-displaceable. In other words, one can ask which Lagrangians cannot be completely moved from themselves under a Hamiltonian flow. To Obstruct such a displacement, one typically defines a type of cohomology theory, called Lagrangian Floer theory.
Lagrangian Floer theory, by its very nature, it extremely hard to compute. The complexity stems from the fact that one typically wants to count holomorphic curves, i.e solutions to the PDE∂ = 0, and often the moduli space of solutions is not smooth or of an expected dimension. To circumvent this problem, one perturbs the∂ = 0 equation in some manner. The perturbation process changes what one would expect to be holomorphic and often ruins any intuition.
In this paper and its siblings, we attempt to make the computation problem easier by developing a theory for fiber bundles as in classical algebraic topology. Such an approach is taken in the various flavors of Floer theory as in [Per; Rit; BK; Hut; Amo; Oan06; Oan; BO13] and Sodoge's thesis with this same notion in mind. The underlying question that we answer is: Let (F, L F ) and (B, L B ) be two symplectic manifolds resp. Lagrangian submanifolds with well-defined and non-trivial Lagrangian Floer cohomology. Can we construct a product Lagrangian L B × L F in the fiber bundle E with base B and fiber F and such that L B × L F has well-defined and non-trivial Floer cohomology? We try to keep the overarching assumptions (e.g. monotonicity, rationality) loose.
Let E be a compact, smooth fiber bundle
where the base and fibers are equipped with a symplectic structure (F, ω F ) resp. (B, ω B ). We assume that there is a connection T F ⊕H on E such that the holonomy around any contractible loop is a Hamiltonian diffeomorphism of the fiber. By Chapter 1 in [GLS96] and the generalization [Theorem 6.4.1 [MS17] ], it turns out that the holonomy assumption provides a closed 2-form a on E with a| T F = ω F and H = T F a⊥ .
a is the minimal coupling form associated to H. One can make E into a symplectic manifold by taking K >> 1 so that the form
is non-degenerate in the horizontal direction. Such a symplectic form is called a weak coupling form. A Lagrangian in (E, a + Kπ * ω B ) can sometimes be realized as a "lift" of a Lagrangian L B ⊂ (B, ω B ): In a fiber π −1 (p) ∈ π −1 (L B ), one looks for a Lagrangian L F that is invariant under parallel transport over L B (see Lemma 2.1 and Definition 2.2). An example to keep in mind is the projectivization
where L is a "section of great circles" invariant under the S 1 holonomy above some moment tori in P 2 .
In [Sch] , we computed the Lagrangian Floer cohomology of a fibered Lagrangian by mimicking the idea of the classical Leray-Serre spectral sequence of a fiber bundle. For practical purposes this was unsatisfying for several reasons: it is hard to compute the higher pages of the sequence unless one has information about all of the holomorphic disks in the base up to a sufficiently high index. Moreover, it was still hard to decide when L was unobstructed, i.e. if the natural operator δ satisfied δ 2 = 0. We solve both of these problems in the present paper.
We use a version of Lagrangian Floer self-cohomology based on that of [BC] . Roughly, one picks a Morse-Smale function on L and attempts to define a Floer differential that counts "pearly Morse trajectories", or Morse flows interupted by boundary marked J-holomorphic disks. In order for such a count to be defined, one must perturb the∂ equation somehow so that the Moduli space of such trajectories is smooth of expected dimension and the differential has a chance of squaring to zero. We accomplish this in [Sch] , and state the results in Section 4.
To make the Floer theory manageable, we have technical assumptions on the Lagrangians and their ambient symplectic manifolds. Recall that a symplectic manifold (F, ω F ) is called monotone if ∃λ > 0 so that
for all maps [u] ∈ H sphere 2 (F, Z). We say that a symplectic manifold (B, ω B ) is rational if [ω B ] ∈ H 2 (B, Q). We will consider the following types of symplectic fibrations in this paper: Definition 1.1. A symplectic Kähler fibration is (1) (Monotone/Rational) a symplectic fiber bundle
where (F, ω F ) is monotone, (B, ω B ) is rational, E is equipped with the symplectic form ω K = a + Kπ * ω B for some minimal coupling form a associated to a Hamiltonian connection (see Theorem 2.1), and (2) (Kähler) if G denotes the structure group and G C its complexification, we assume that F has an integrable G C -invariant complex structure J I which is compatible with ω F .
Item 2 makes this definition finer than the one from the one the prequel [Sch] . We say that a Lagrangian L F ⊂ F is monotone if there is a constant α > 0 so that
(F, L F , Z), where µ(u) is the Maslov index. We say that a Lagrangian L B ⊂ B is rational if the set
is a discrete subset of R.
Definition 1.2. A fibered Lagrangian in a symplectic
Kähler fibration is a Lagrangian L ⊂ (E, ω H,K ) that fibers as
with L F ⊂ (F, ω F ) a monotone G-invariant Lagrangian with minimal Maslov index ≥ 2 and L B ⊂ (B, ω B ) a rational Lagrangian. If L F is not G-invariant, then we require G to be simply connected.
To derive the disk potential, we will need L to be a product: Definition 1.3. A trivially fibered Lagrangian in a symplectic Kähler fibration is a fibered Lagrangian together with a symplectic trivialization of π −1 (L B ) ∼ = L B × F .
By Lemma 2.1 it follows that L is necessarily a product L ∼ = L F × L B in these coordinates. Furthermore, by Theorem 2.3 [GLS96] , it follows that any such symplectic trivialization can be extended to agree with a given symplectic form outside a neighborhood of π −1 (L B ). An example of trivially-fibered Lagrangian is as follows: Let Flag(C 3 ) be the manifold of full flags. We get a fibration
that can be equipped with a symplectic fibration structure. In subsection 8.1, we find a Lagrangian
Moreover, one can realize this particular fiber subbundle as Lagrangian with respect to any symplectic connection whose holonomy is the correct S 1 rotation over L B . In this way, L can be seen as topologically trivial but having a "Dehn Twist" in the fiber factor that is induced by the connection. We show that the Floer cohomology of L non-zero, which recovers a result of [NNU] . In subsection 8.2, we do a similar thing in the manifold of (initially) complete flags.
The reason for the trivially fibered assumption in 1.3 is evident in a single proposition 5.2. Any disk u : (D, ∂) → (E, L) induces a sectionũ of π • u * E (assuming π • u = const), and a trivialization of π • u * E gives a "loop of L F 's" over ∂D as in [AS] . The vertical Maslov index is defined as the Maslov index ofũ as a map into F . We show non-negativity of this index in the trivial case, where the proof also leans heavily on the fact that the fibers are monotone. The non-negativity allows us to deduce that the projections of configurations from the potential of L appear in the potential of L B . On the other hand,ũ is equivalent to a map into F which satisfies the perturbed∂-problem with moving boundary conditions
where X δ is the Hamiltonian vector field valued one form that prescribes the holonomy on the bundle π • u * E [section 3.3, c.f. [Gro85; AS] ]. If L is non-trivial as a fiber bundle, then the loop {L ∩ F u(e iθ ) } may not be Hamiltonian isotopic to the trivial loop. In such a case the periodic orbitũ| ∂D may have negative ConleyZehnder index, and in particular u will have negative vertical Maslov index.
Given the assumptions in Definitions 1.1 and 1.2 and the proper transversality/compactness results [Theorems 6.1 & 7.1 [Sch] ], we show that one can associate to such a Lagrangian an A ∞ -algebra (CF (L, Λ 2 ), µ n ). Define the ring
We choose a connection on L: it turns out that H L := T L ∩ H is a connection since L is invariant under parallel transport (see Lemma 2.1). One can then construct a pseudo-gradient on T L F ⊕ H L that models the flow of a Morse function adapted to the fibration: Let b be a Morse-Smale function on L B and φ i a cutoff function in the neighborhood of each critical point x i . For each critical fiber L Fi := π −1 (x i ) Take a Morse-Smale function g i . Following [Hut] , it turns out that
forms a pseudo gradient for the Morse function
That is, we do pearly Morse theory based on the flow of X f . The multiplication maps are defined as
Where M Γ (L, D, x, x j i ) 0 is the 0-dimensional part of the moduli space of pearly Morse trees based on a tree Γ with (x 1 , . . . , x n ) as input and x j i as output. Here, ♦, ε(u) depend on the grading and moduli space orientation and Hol L (u) is the evaluation at a representation ξ ∈ Hom(π 1 (L), Λ 2× ) on the boundary of a configuration u. The fact moduli spaces are smooth and of expected dimension is the content of the transversality Theorem 4.1 [Theorem 6.1 [Sch] ]. The fact that these satisfy the A ∞ axioms is due to the compactness Theorem 4.2 [Theorem 7.1 [Sch] ] and the content of Theorem 6.1. Both of the compactness and transversality results would not be possible (with the rational base assumption) without the work of [CM07; CW17; CW] on stabilizing divisors and holomorphic curve theory.
Note that one has a natural map
so that it is clear that our µ n is related to the A ∞ multiplication maps in the literature (e.g. [FOOO09] ). In this case, the exponent of t is just the total energy of the configuration
The potential is defined as µ 0 ξ , which depends on the representation ξ. The utility of the potential is the following: Assume that (ν 1 ξ ) 2 = 0, and define the Floer cohomology of L to be
If L is a torus, one can typically prove Floer-non-triviality by finding a unital critical point ξ of the potential as a function
At a non-degenerate critical point ξ, one has
The details of such a result are in the literature or section 7.1 of this paper.
Instead of searching for a critical point of ν 0 , it is typical to only consider the lowest degree terms of ν 0 , and then use an implicit function theorem argument to solve order-by-order for a critical point ν 0 . The lowest degree terms are called the leading order potential and we will denote it
i.e. the minimal energy terms for each output critical point. The entire point of introducing the ring Λ 2 is to aid in computing B 0 L for lifts of configurations from the base. Thus, we define something of the sort in the Λ 2 context: Definition 1.4. The second order potential for a symplectic Kähler fibration is
where for each x
The second order potential counts the holomorphic disks contained in a single fiber, in addition to those with minimal total energy among the homology classes with non-zero base energy. For monotone L F and large enough K in the weak coupling form, we relate this to the terms of lowest and second-lowest degree from ν 0 L in Section 6.2.
To give a notion on how to compute the second order potential, we develop a lifting operator L that lifts pearly Morse trajectories from (B, L B ) to configurations in (E, L). In particular the lifted configurations are covariant constant with respect to some symplectic connection and have output as the "top of the fiber", i.e. the unique index 0 critical point for the vertical Morse flow.
To this end, let
be the 0 th order multiplication map for L B ⊂ B, which is well defined by the use of a stabilizing divisor and domain dependent perturbations from [CW] . For each critical point x i , let x M i be the fiberwise index 0 critical point for the pseudogradient
where L is the (unique) vertically constant lift of u with output
denote the 0 th order multiplication map for L F ⊂ F , which is a multiple of the index 0 critical point x M by monotonicity (e.g. see [BC; FOOOa] , etc.) Let i M : F → E denote the inclusion of F as a fiber above the index 0 base critical point x M , and take the included potential to be
We prove the following recipe for computing the second order potential 
where for each generating critical point x, we have
with e(u) = C u * (a + Kπ * ω B ).
As an immediate corollary, we have an unobstructedness criterion: 
Theorem 1.1 and its corollary answer the aforemention short-commings of the spectral sequence from [Sch] . To demonstrate, we provide some standard examples in Section 8.
We close the introduction with a few words about the technical details. Most of the argument for Theorem 1.1 stems from very careful index counts and hence depends upon regularity: As in [Sch] , one can achieve transversality for the Moduli spaces of disks in the total space by considering the pullback of a stabilizing divisor π −1 (D B ) ⊂ E and using (lifts of) domain dependent almost complex structures based on [CW17; CW; CM07] . To achieve transversality for "vertically constant" configurations, one can vary the connection in the pullback bundle π • u * E as in [AS; Gro85; MS04] . For configurations which might be contained in a single fiber, we rely heavily on the fact that the fibers are monotone.
To lift a disk v :
, we use an idea by Donaldson [Don92] that applies heat flow and flattens the connection over v * E. Once the connection is flat, we pick a covariant-constant section (hence the vertically constant terminology) and show that it is holomorphic in E. As a corollary, we get an existence result for the moving boundary problem 1, where the covariant-constant condition says that we've found a periodic orbit of δ that is contractible along a family of periodic orbits. Such a solution is most likely non-constant if the loop of Lagrangians {L ∩ F v(e iθ ) } is not isotopic to the constant loop.
A few disclaimers: We do not deal with the issue of orientation on the moduli spaces, and throughout the paper it is assumed that either the Lagrangians are equipped with a suitable spin structure necessary for orientations or all rings are based in Z 2 .
The potential in Definition 6.1 and Theorem 1.1 is clearly not the full potential, as one can see from the Hirzebruch example 8.3. One can compare to the work of [FOOOb; Aur] to see that the higher energy "sphere term" is missing. It is unclear at this point how to recover the full formula in this framework.
1.1. Outline. Section 2 gives the background on symplectic fibrations and sets the assumptions for the rest of the paper.
Section 3 gives a precise definition of the domains for the pearly Morse trees and sketches the perturbation system from [Sch] . We state the transversality and compactness results that we need in Section 4.
Section 5 is the beginning of the original content for this paper, where we develop a lifting operator and prove delicate index formulas.
We define the invariants and prove Theorem 1.1 in Section 7. We compute some examples in Section 8. 
Symplectic fibrations
To proceed, we review some of the background on the subject of symplectic fiber bundles. Let (F, ω F ) and (B, ω B ) be compact, connected symplectic manifolds, and let F → E π − → B be a fiber bundle. A symplectic fibration is such a space E where the transition maps are symplectomorphisms of the fibers:
Suppose that there is a closed 2-form a ∈ C ∞ (E, ∧ 2 T * E) so that a| Fp = ω F up to Hamiltonian symplectomorphism. The fiberwise non-degeneracy of the form a defines a connection on E via 
a H is called the minimal coupling form associated to the connection H Essentially, a is already defined on T F ∧ T F and T F ∧ H, so it suffices to define it on H ∧ H. One does this by using the curvature identity 
where (F, ω F ) is monotone, (B, ω B ) is rational, E is equipped with the symplectic form
for some minimal coupling form a associated to a Hamiltonian connection from Theorem 2.1, and (2) (Kähler) if G denotes the structure group and G C its complexification, we assume that F has an integrable G C -invariant complex structure J I which is compatible with ω F .
A Lagrangian in this context is called a fibered-Lagrangian if it fits the description of Definition 1.2, or called trivially-fibered if it fits the following:
Here, L B is called rational in the sense that the set of values
(B, L B , Z) form a discrete subset of R. Often it will be clear if one can construct a trivially fibered Lagrangian from a combination of theorems 2.3 and 2.2. The main theorem 1.1 does not include the non-trivially fibered case for a single reason; see proposition 5.2 and the remark following it. However, most of the technical results in this paper apply to the non-trivial case, so we include the following: Definition 2.3. Let f be a Morse function on a Riemannian manifold (M, G). A pseudo-gradient for f is a vector field X such that X p = 0 for p ∈ crit(f ) and
(1) G(grad G (f ), X) ≤ 0 and equality holds only at critical points of f (2) In a Morse chart for f centered at p ∈ Crit(f ), grad e f = X where e is the standard Euclidean metric.
Morse theory for pseudo-gradients is carried out in [Chapter 2 [AD14] ].
To construct a pseudo-gradient on a fibered Lagrangian L, we use the connection H L := T L ∩ H (which is merely convenient: and connection will do). The Morse input for L consists of the following:
(1) A Morse function b on L B and a Riemannian metric G B that is Euclidean in a neighborhood of each x ∈ Crit(b), and a pseudo-gradient X b for b, (2) for each critical fiber π −1 (x) ∩ L a choice of Morse function g x on L F and a Riemannian metric G Fx which is Euclidean in a neighborhood of Crit(g), and a pseudo-gradient X gx on T L Fx , and (3) an extension X g of the {X gx } to all of T F (by zero if necessary)
One can show that the vector field
Define the index of a critical point
By perturbing the pseudo-gradient X f outside of a neighborhood of the critical points, one can achieve the Smale condition for X f , which says that the unstable and stable manifold intersect transversely. Hence,
Basic Floer theoretic details in symplectic fibrations
Since the base manifold is rational, we require an approach similar to that of [CM07] and [CW] to achieve transversality using domain-dependent perturbations of the almost complex structure. With this scheme comes complicated domains, which are made even more complicated by the requirement that holomorphic curves have to be compatible with the fibration structure. All of these details, along with the necessary transversality and compactness results are spelled out in detail in the first part of the author's thesis [Sch] . For the sake of reference and clarity, we include some essential details and theorem statements.
3.1. Moduli of treed disks. One starts with a metric tree T = (Edge(T ), Vert(T ), ℓ) as a collection of edges, vertices, possibly infinite edge lengths. For a symplectic manifold E and a Lagrangian L, we label the vertices
while the edge labeling is a bit more complex. In essence, the edges correspond to either interior markings which map to the divisor, interior or disk nodes, or domains of Morse flows. We have the following chart from [Sch] that sums up the labeling Vert s (C) spherical vertices (matched with a P
boundary node length m : Edge
sphere classes
We call a treed disk broken if some e ∈ Edge
• − has infinite length. We identify a broken type with the union of two types glued at their extraneous ends.
a collection D T of marked surfaces, each biholomorphic to either P 1 or D ⊂ C, (3) a bijective identification ∼ of the interior special points z with Edge
together with a cyclic identification between the boundary special points x and Edge
The treed disks fit together to form a moduli space M n,m with n boundary markings and m interior markings. Such a (cell-complex) is stratified by combinatorial type: Γ(C) of a treed disk is the information contained in the above chart and in the items from definition 3.1.
The geometric realization U of C is the topological space given by replacing the vertices with their corresponding marked surfaces and attaching the edges to the corresponding special points, together with the Riemann surface structure on each surface component. The geometric realization class is the space U up to equivalence of disjoint marked surfaces of the underlying collection D T . A treed disk is stable if and only if each marked surface is stable.
Since we have a pseudo-gradient, we can label combinatorial types with critical points. Suppose {x 0 , . . . , x n } are the critical points of a pseudo-gradient X. We define a Morse labeling of a combinatorial type Γ as a labeling
. . , x n } Our convention will be that x 0 denotes the value of x on the root and x i i ≥ 1 denotes the value on the leaves.
Special considerations for the fibered setting.
Definition 3.2. A binary marking ̺ for Γ is a subset of the vertices and edges, denoted mVert(Γ) and mEdge(Γ), for which any map u : U Γ → E is required to map the domain for mv ∈ mVert(Γ) resp. me ∈ mEdge(Γ) to a constant under π. The set of unmarked vertices and edges will be denoted uVert(Γ) resp. uEdge(Γ).
The marked vertices and edges are those that correspond to domains that are mapped to a constant under π. Such a process can be decomposed into two elementary operations, the first being:
The combinatorial type π * Γ is the combinatorial type Γ with the following two modifications:
(1) The homology labeling [·] is replaced replaced by π * [·] and, (2) ℓ π * Γ (e) = 0 for any e ∈ mEdge
• − (Γ) followed by:
Definition 3.4. [Sch] The π-stabilization map Γ → Υ(Γ) is defined on combinatorial types by forgetting any unstable vertex v i for which [v i ] = 0 and identifying edges as follows:
(1) If v i has two incident unmarked edges, e i and f i , with f i closer to the root, then Vert(Υ(Γ)) = Vert(Γ) − {v i } and we identify the edges e i and f i :
. We set ℓ(Υ(e i )) = ∞ if either e i or f i is a semi-infinite edge (hence, so is Υ(e i ) under the broken tree identification). Edge(Γ) − {e i } Υ • π * forgets marked edges and vertices and stabilizes, so it is the combinatorial type of π • u for u : U Γ → Γ.
We get an induced map on moduli spaces resp. universal marked disks, denoted
3.2. Perturbation data. In order to precisely define a Floer configuration, we briefly talk about the types of perturbations that we use. For a rational symplectic manifold and Lagrangian (B, ω B , L B ), let D B denote a symplectic hypersurface that is stabilizing divisor for L B . That is:
Definition 3.6.
(1) A tamed almost complex structure
there exists an adapted almost complex structure J DB such that any
Charest and Woodward develop a Lagrangian Floer theory for rational symplectic manifolds and Lagrangians, inspired by the stabilizing divisor approach of [CM07] . To summarize, we have
One can also show that the set of stabilizing, adapted almost complex structures
for every fiber F b of E and v ∈ T p B (i.e. Hamiltonians with zero fiber-wise average). In [Sch] we achieve transversality for non-vertical disks (disks not contained in a single fiber) by the theory of Hamiltonian perturbation. That is, to every Hamiltonian one-form σ ∈ Ham(F, B), we get another connection form
which is a minimal coupling form by the zero-average condition. The new connection H σ := T F ⊥aσ has holonomy that differs infinitesimally from H 0 by σ.
Remark 3.1. Such a 1-form may only exist locally. However, the entire purpose is to achieve transversality for maps from disks, which is a local situation if the 1-form is to vary from disk-to-disk (i.e. domain dependence of σ). Such a structure in the T F ⊕ H 0 splitting is given by
where v → X σv is the one-form with values in fiberwise Hamiltonian vector fields, prescribed by dσ = ι Xσ ω F .
For each critical fiber F i , choose a taming almost complex structure J i F , and let
be the space of sections of fiberwise a.c.s. that tame a| Fp ∀p and agree with the chosen J i F . Evaluation of the a.c.s. at critical fibers is a regular map, so such a space is a C l Banach Manifold. Take J l,vert (1..k) as shorthand. Let
:
This is an open subset of the product [Sch] ], so it is a Banach manifold.
containing the special points and boundary on each surface component resp. not containing ∞ on each edge.
Definition 3.7.
[Sch] Fix a stabilizing J DB for L B . Let (Γ, x) be a π-stable combinatorial type of treed disk with a Morse labeling. A class C l fibered perturbation datum for the type Γ is a choice of I k together with piecewise C l maps
denoted P Γ , that satisfy the following properties:
(1) σ ≡ 0 and J B ≡ J DB on the neighborhoods
Any perturbation datum P Γ lifts to the universal curve via pullbackP Γ := (Υπ * ) * P Γ . As such, we will only distinguish betweenP Γ and P Γ when necessary.
Definition 3.8. A perturbation datum for a collection of combinatorial types γ is a family P := (P Γ ) Γ∈γ 3.4. Holomorphic treed disks.
Definition 3.9.
[Sch] Given a fibered perturbation datum P Γ , a P Γ -holomorphic configuration of type (Γ, x) in E with boundary in L consists of a fiber C = S ∪T of the pre-universal marked diskŨ Γ equipped with an integrable complex structure, together with a continuous map u :
(2) On the surface part S of C the map u is J σ -holomorphic for the given perturbation datum: if j denotes the complex structure on S, then
(3) On the tree part T ⊂ C the map u is a collection of flows for the perturbation vector field:
where s is a local coordinate with unit speed so that for every e ∈ Edge • (Γ), we have e ∼ = [0, ℓ(e)], e ∼ = [0, ∞), or e 0 ∼ = (−∞, 0] via s. (4) If e i i ≥ 1 denote the leaves of Γ and e 0 the root,
That is, let γ be a small loop around z: as in [CW17] m z (u) is the winding number of u(γ) in the complement of the zero section in a tubular neighborhood of D and u.
Proposition 7.1 from [CM07] shows that 5 is the same as the "order of tangency": In a coordinate neighborhood that sends D to C n−1 ⊂ C n define the order of tangency of u to D at z e to be
We have tan e (u) + 1 = m e (u). In particular, m e (u) ≥ 0.
Transversality/Compactness
We state the basic foundations: 
Then there is a comeager subset of smooth regular data for each type 
Lifting holomorphic trajectories
In this main technical section, we give existence and characterization of lifts of
5.1. Hamiltonian perturbations over the disk. To do analysis on v * E, we follow the template of [[Gro85] Section 1.4] and [AS] . [[MS04] Chapter 8] is also an excellent reference.
The pullback bundle v * E is topologically trivial and has an induced (non-trivial) connection via the pullback coupling form v * a σ . By assumption, the holonomy of this connection is Hamiltonian. Hence, Remark 5.1. Rather than keep track of the connection for a and σ, we absorb this information into a single Hamiltonian connection form
If we assume that L is trivially-fibered, it follows that δ vanishes on v * L B .
We get an associated connection
along with a pullback almost complex structure
Note that this a.c.s. satisfies the unique criterion from section 3.3. By lemma 2.1 and the vanishing of the perturbation σ 3.7 on ∂D, the Lagrangian boundary
is a loop of Lagrangians parameterized by parallel transport. We consider J δ -holomorphic sections u of v * E with the boundary condition
There is a clear correspondence between such sections and J σ -holomorphic lifts of v.
Remark 5.2. There is a correspondence between J δ -holomorphic sections of v * E with Lagrangian boundary and smooth maps u : (D, ∂D) → (F ) that satisfy (13)∂ JF ,j u + X 0,1 δ (u) = 0 and the moving Lagrangian boundary condition (14) u
that becomes a standard boundary condition u(e iθ ) ∈ L F if L is trivially-fibered. To see the correspondence first note that L F is invariant under the flow of
The latter is the complex anti-linear part of X δ . 5.1.1. Curvature and Energy. There is a corresponding energy identity [AS] for solutions to the Hamiltonian perturbed∂ equation 13 that is crucial to our argument. The identity's formulation involves the notion of the curvature of H δ :
We have that a horizontal lift of w ∈ T D to H δ has the form
Let w ♯ and x ♯ be two horizontal lifts of tangent vectors in T D, and define the curvature two form κ ∈ Λ 2 (D, T F ) to be
where vert : T F ⊕H → T F . In T F ⊕T D coordinates this takes the form [X δw , X δx ], which is the Hamiltonian vector field with an associated function
by the curvature identity 11. By the normalizing condition 10, {δ v , δ w } has zero average.
Following [MS04] , we write the curvature as
where R δ : D × F → R in each fiber is given by the zero average Hamiltonian associated to some normalizing multiple of [v ♯ , w ♯ ] vert whenever non-zero. While the curvature is technically a vector field valued-two form, we use its Hamiltonian property to identify it with a zero-average function valued form. More specifically, let us pick coordinates (s, t) on D, so that δ = f ds+gdt. By the previous paragraph, we have
We write the curvature in this fashion to make it conducive to estimates.
It follows that u has 0 energy precisely when it is a covariant constant section, which motivates the following definition:
Definition 5.2. A J δ -holomorphic section u is vertically constant with respect to H δ if e δ (u) = 0.
More abstractly, one can write the curvature as
where {δ ∧ δ}(v, w) = {δ(v), δ(w)}. We use this in the following lemma:
Proof. Let d ′ be the fiberwise exterior differential. From the equation 13 we have
so that the energy becomes
In explicit terms,
by Stokes' theorem, we have
2. An h-principle. One thing decidedly lacking from the above Hamiltonian point of view is that it not clear if there is a covariant constant section of v * E, or any section at all. To solve such a problem, we use heat flow following Donaldson [Don92] to flatten the connection H δ via holomorphic gauge transformation.
We reiterate assumptions needed for this section: E has compact structure group G and F has an integrable G C -invariant complex structure J I .
we require that G be simply connected. We assume that the transition functions of E areCech co-cycles in G, so that E has an associated principle G-bundle.
Any bundle of the form
is an example of a symplectic Kähler fibration for which one can find fibered Lagrangians.
The flag manifold 8.2 has structure group SU (n − k + 1) as a fiber bundle; it good example of the case that G is simply connected.
Associated to the pull-back connection H δ , we can instead require that J δ fiberwise agree with J I , so that it has the following form in the trivial splitting T F ⊕T D:
Let P u * E be the associated principle G-bundle to u * E. Since parallel transport on u * E is G valued, H δ defines a connection on P u * E . We also denote this connection H δ .
In this section we will draw out the following:
We will see that this theorem is a corollary of: 
where F h is the curvature of the connection associated to h, and Λ :
When Z = (D, ∂D) a Hermitian Yang-Mills connection is merely flat, so we can trivialize via parallel transport.
5.2.1. Gauge transformation background. The space of diffeomorphisms of P v * E covering the identity form an infinite dimensional Lie group, called the group of gauge transformations G(P v * E ). Let φ ∈ G(P v * E ), and let g p be the unique element in G such that φ(p) = p · g p . We require that φ preserve the G-structure of P u * E :
When the domain of u is a disk, we have that P u * E ∼ = D × G as a smooth G-bundle. As a gauge transformation is completely determined by how it acts on the identity section, we have G(
In a similar manner, we denote the complexified gauge group as G C := C ∞ (D, G C ). The complexified gauge group acts on connections via H δ → G(H δ ). Let J C denote the complex structure on G C . We can consider holomorphic complex gauge transformations:
Proof of 5.1. The proof will focus on the case that L F is G-invariant, with the following remark covering the case that G is simply connected.
Since J I is G C invariant and G acts by symplectomorphisms on F , we get an induced representation ρ : G → Symp(V, ω F ) ∩ GL(V, J I ) for some symplectic vector space V . We form the associated vector bundle V := v * E × ρ V that has an integrable complex structure and Hermitian metric h 0 arising from (ω F , J I ). Applying Donaldson 5.2 we get a flat Hermitian metric h ∞ that agrees with h 0 on ∂D. The following is immediate:
(1) There is a complex gauge transformation G ∈ Hol(D, G C ) so that
(3) Such a gauge transformation must be holomorphic as it is given by h ∞ •h −1 0 (4) h 0 = h ∞ on ∂D, so we can extend G to be G valued on the boundary.
From the associated vector bundle, we get an associated flat connection on G(v * E). Evidently, G(v * E) can be equipped with the (almost) complex structure J G 0 since the holonomy vanishes. This is the unique a.c.s. the satisfies the conclusion of Lemma 3.1.
v * E can now be trivialized by parallel transport. This induces a further isomorphism (20) Φ :
is an isomorphism that preserves the fiberwise complex structure and the sub-
Remark 5.3. In the case that G is simply connected, the boundary values of the complex gauge transformation G Φ • G can be extended to a gauge transformation 
. If s is a covariant constant section with respect to ∇ H0 , then
Hence, the definition of vertically constant 5.2 is independent of the choice of representative of the gauge orbit. We check the following for demonstrative purposes:
Proof. Define a section Gu of Gv * E by parallel transport over D starting at Gp ∈ π −1 (1). This is well defined by the flatness of the connection. The uniqueness statement in Donaldson's theorem and uniqueness for constant maps gives us that u is the unique covariant-constant section starting at p.
To see that u is J G δ -holomorphic, note that du must have the form
in the T F ⊕T D splitting in order for u to be a horizontal section in the H δ splitting. Such a linear map satisfies
Remark 5.4. As we see above, vertically constant lifts are holomorphic for every choice of fiberwise almost complex structure. It follows further, as mentioned at the end of [Theorem 6.1 [Sch] ], that linearized∂-operator is surjective at every vertical almost complex structure so long as u is nowhere horizontally constant (i.e. π • u is only constant wherever u is). This is actually a corollary of a stronger result:
for y ∈ T D. As G is a bundle isomorphism and covers the identity on D, it must preserve horizontal lifts of base vector fields. Since jy lifts to jy in H 0 and (−X jv , jv) in H δ , we have
The fact that G preserves holomorphic sections follows.
Next, the answer to question 3 is actually a corollary of the proof of Theorem 6.1 in [Sch] . We will sketch this in the proof of: Theorem 5.3. Let v : C → B be a regular J B -holomorphic configuration with one output u(x 0 ) = q ∈ L B , no sphere components, and no broken edges. Then for any
there is a unique regular liftû : C → E withû(x 0 ) = p that is vertically constant with respect to some connection H δ on disk components and J G δ -holomorphic Proof. We construct a lift by matching the chain of boundary conditions, and then we prove transversality. Let u 0 be the restriction of u to the disk component D 0 closest to the output, let E 01 denote the edge between D 0 and some adjacent component D 1 , and let u 1 denote the restriction of u to D 1 that meets E 01 at x 2 . By lemma 5.1, there is a unique vertically constant liftû 0 withû 0 (x 0 ) = p. Let x 1 be the boundary point corresponding to the output on D 0 . The projection of the flow of X starting atû(x 1 ) agrees with the flow of X b , so flowing X for time ℓ(E 01 ) lands at a point p 1 ∈ π −1 (u(x 2 )). Take the unique lift ofû 1 of u 1 withû(x 2 ) = p 1 , and continue in this fashion until a lift of u is constructed on every disk component. This gives a J G δ -holomorphic Floer trajectoryû : C → E with boundary in L. Such a configuration is regular by the proof of Theorem 6.1 in [Sch] , and the idea is as follows: Since u is vertically constant on disk components, u is holomorphic on such components for every choice of fiberwise a.c.s. Moreover, we have freedom in our selection of the Hamiltonian perturbation, and such a perturbation is allowed to be domain-dependent by π-stability and compatibility with the stabilizing divisor D B . We use this fact, a domain-dependent a.c.s. on the base, followed by a standard Sard-Smale argument to achieve transversality.
5.3.1. The projection is regular. We need a converse to the regularity statement in Theorem 5.3:
Proof. The fact that π • u is J B holomorphic is clear. Furthermore, by the choice of pseudo-gradient perturbation data and the discussion in section 2.2, we have that π • u is a Morse flow on edges. It remains to check transversality.
For u Γ | D =: u restricted to a single disk or sphere component, we need to show that the linearized operator
is surjective for k > 2/p with p ≥ 2. By the regularity assumption on u we have that
is surjective (at (u, J σ , σ). One can include the range of this map into the split space
If we write η = (η 1 , η 2 ) in this splitting, we have
by definition of J σ . Thus, we have the (J B , J σ )-holomorphic projection:
As the expression J F • X σ − X σ • J B is twice the anti-holomorphic part of X σ , surjectivity of the projection amounts to solving the perturbed equation
We set (23) η 1 = X 0,1 σ η 2 which is holomorphic since it is a composition of two anti-holomorphic maps. Surjectivity follows of dπ * follows.
To see that D π•u is surjective, we just need to check that the next diagram commutes:
and surjectivity of D π•u at J B follows.
In lieu of Theorem 5.3 and for our purposes, it suffices to compute vertically constant lifts of single disks v : (D, ∂D) → (B, L B ).
By remark 5.2, lifting is equivalent to solving 
is the Hamiltonian holonomy around v| ∂D Hence, vertically constant lifts of v count periodic Hamiltonian orbits (contained in a Hamiltonian loop of Lagrangians) that are contractible along a family of periodic orbits.
The vertical Maslov index.
The Maslov index splits as a sum of horizontal and vertical terms, both of which are topological invariants. It will be crucial to our argument that the "vertical" Maslov index is non-negative, and this is the only place in the paper where one must make assumptions on the magnitude of the curvature of the fibration. Let u : D → (E, L) be a J δ -holomorphic lift of a holomorphic disk in the base. The Maslov index µ(u) ∈ 2Z is defined as the boundary Maslov index of the pair µ(u * T E, u * T L). It follows that
In particular, we have a well defined topological quantity:
Definition 5.4. The vertical Maslov index µ F (u) ∈ 2Z for a relative disk class is the vertical part of the Maslov index from the Proof. First we show the proposition for when the holonomy above L B vanishes. For S ⊂ D and f a zero fiberwise-average function, let
denote the Hofer norm. From Lemma 5.1, we have
where the last equality holds since the holonomy of the connection vanishes over L B (the trivial assumption). Hence,
(F, L F , Z), and take
be the minimum Maslov number for L F (we have Σ LF ≥ 2 by assumption). To show the first statement: The holonomy around contractible loops is assumed to be Hamiltonian so we can choose the δ close enough to 0 in our perturbation data over the domain of u so that |R δ | D < Σ LF λ and it follows that µ F (u) ≥ 0. The second statement follows from the same choice of perturbation data.
For a general holonomy, we use the triviality of L followed by a lemma from [AS] . 
-holomorphic, and by an elementary calculation Φ * J δ is fiberwise tamed by a δ . By Lemma 3.1 we see that Ψ * J δ is the unique almost complex structure on π • u * E that fiberwise agrees with Ψ * J F and preserves Ψ * H δ . The energy identity 18 for such a disk tells us that
However, as Ψ(L) is the trivial loop of Lagrangians, we have that δ| Ψ(L) = 0. By Lemma 3.2 (iii) [AS] , we have Ψ * R δ = R δ . As in the vanishing holonomy case, the vertical Maslov index of Ψ • u is non-negative for small R δ . Since Ψ • u is Hamiltonian isotopic to u, the proposition follows. 
Proof. From the vanishing holonomy assumption, it follows that
From the assumption on the size of the curvature [Proposition 5.2] and energy quantization in F , we have that
Remark 5.5. Without this Proposition 5.2, the argument for the main theorem fails due to the fact that the index of a no-input configuration may increase under projection. Hence, there is no way to tell if a configuration counted in the potential for L can be projected to a counted configuration for L B . One can also see how the monotonicity of L F is crucial to our argument.
5.5. The lifting operator. Given a combinatorial type (Γ, x 0 ), Theorem 5.3 gives a type (π * p Γ, y 0 ) by taking the unique lift through y 0 and assigning the correct homology classes. We will define a lifting operator that will be a map of moduli spaces, so in converse to Theorem 5.3 we want to see that a particular moduli space is of expected dimension: 
6. Floer invariants 6.1. An A ∞ -algebra. While the disk potential is the main focus of this paper, it is really only the first in a series of non-associative algebraic operations. We show that we can associate such an algebra to a fibered Lagrangian. Let E be a symplectic Kähler fibration, and L a fibered Lagrangian. For a relative homology class
denote the vertical symplectic area. To avoid mentioning "K" too many times, we let
Define the ring
for an ǫ << 1 that we will specify later.
6.1.1. Grading. Let L(B) → B be the fiber bundle with fiber L(B) b = Lag(T b B, ω) the Lagrangian subspaces in T b B. Following Seidel [Sei] an N -fold Maslov covering of B is the fiber bundle
Hence, we fix a grading on L via
where σ(u) is the number of interior markings on U . By Theorems 4.1 and 4.2, the sum is well defined with coefficients in Λ 2 ; see
We will prove, up to signs/orientations, that the multiplication maps satisfy the 
where we divide by m! to signify that there are m! different orderings of interior markings for a given configuration. More importantly, each boundary combinatorial type is obtained by gluing two types Γ 1 , Γ 2 along a broken edge that is a root for Γ 1 resp. leaf for Γ 2 . Since our perturbation is coherent with respect to cutting an edge, we have that
] of combinatorial type Γ 1 × Γ 2 , there are m 1 !m 2 ! ways to order the interior markings. These observations give us the formula
6.2. The disk potential. We use our lifting operator to explore the 0 th -order multiplication map in 38. One can often prove Hamiltonian non-displaceability of a Lagrangian by simply finding critical points of µ 0 . We prove a formula that expresses the low order part of µ 0 as a sum of terms coming from the base and fiber.
Definition 6.1. The second order potential for a fibered Lagrangian in a symplectic Kähler fibration is
and m is the number of interior markings on u. In words: the second order potential captures any isolated holomorphic disks counted by µ 0 L that are contained in a single fiber, along with the holomorphic disks of minimal energy in the total space that have non-zero base energy. The transversality theorem 4.1 tells us the moduli are of expected dimension, so we have a countable sum. The compactness theorem tells us that we have finitely terms for each energy bound, so the coefficients lie in Λ 2 . For a monotone Lagrangian, it is easier to write down the entire potential (i.e. see [Oh93] or [FOOOa] for the toric case). Let x F be the unique index 0 critical point of g| LF . Since L F is monotone and has minimal Maslov number 2, we have that
where λµ F (u) = u * ω F and the sum is finite (or empty if Σ LF > 2). For index reasons, the only terms with e(π • u) = 0 in µ 0 appear as coefficients of x M , the unique index 0 critical point of f .
To decompose the second order potential, take K large enough so that
where Σ B is the energy quantization constant for (B, L B , ω B ). Then the terms in 32 with e(π • u) = 0 are
(1) precisely the terms of 2nd lowest degree appearing in µ 0 L as a coefficient of the maximum x M , and (2) are the terms of lowest degree for any other critical point.
In this way, 6.1 becomes scale invariant for large K.
One can define an arbitrary order potential
This definition will be used to find a Floer-non-trivial Lagrangian in the complete flag manifold of arbitrary dimension 8.2. Continuing, one can define the 0 th multiplication map for a rational L B by following [CW] : Definition 6.2. For generating critical points x ∈ CF (L B , Λ q ), the potential for a rational Lagrangian in a rational symplectic manifold is
Enumerate the critical fibers F i , and let y i be the unique index zero critical point of g| LF i in the fiber above x i . Using the lifting operator from section 28, we perform a transformation on the base potential:
In words, we take each configuration u ∈ M(B, L B , x i ) and compute its Donaldson lift through the stable manifold of y i .
Remark 6.1. There may be cancellations between configurations in 33 that may not occur in the lifted potential. We interpret the lifted potential as first looking at the Moduli spaces, taking lifts, and then performing any algebraic operations. In this sense, it is not an algebraic operation on µ 0 LB .
The trivially-fibered case and proof of the main theorem
From now on, we assume that L is trivially-fibered. To relate all of these concepts from 6.2, we want to understand how the index changes when we project a single-output configuration, and when we lift such a configuration. The following is important for the proof of the main theorem:
Proof. By Proposition 5.2, we know that 0 ≤ Ind[Υπ * Γ]. For the other inequality, we check each component of the index formula: By construction of the pseudogradient we have that flowlines project to flowlines, hence
We also show the following lemma:
Proof of lemma. We use the definition from [CM07] (see 5). Let U B be a neighborhood of π • u(z 0 ) and U F a fiber neighborhood in F of u(z 0 ) so that φ :
while the degree of multiplicity of π • u is
The general index formula for the projected configuration is:
Each forgotten node must have at least one associated forgotten surface component. By the fact that Σ LF ≥ 2 and non-negativity of µ F for any u i (Proposition 5.2) we have #forgotten nodes
By Lemma 7.1 and non-negativity of W + Xg (x), the theorem follows.
Remark 7.1. Note that this does not hold as soon as we include any input on our configuration. We expand upon this in the sequel.
In the converse direction, we have Lemma 7.2. Let (u, Γ, x) be a regular configuration of index 0. Then the lift has index
Proof. Let u i denote a surface component. We have that µ F (Lu i ) = 0 by construction. Moreover, m u (z 0 ) = m Lu (z 0 ) for an interior marked point z 0 as the derivative of dLu i (z 0 ) vanishes to all orders in the vertical direction. Since We are now ready to state and prove the main theorem. If x M is the unique index 0 critical point for
× ) be the map on representations induced from i xM * . 
It follows that 
To actually see that x M is a strict unit for A(L), we require more delicate assumptions on the coherence axioms for perturbation data, and the introduction of weighted edges as in [CW] .
Proof of theorem. The proof consists of two main steps: show a term on the right is realized on the left, and vice-a-versa.
Let u correspond to horizontally non-constant configuration appearing in 32. By Proposition 7.1 and Lemma 5.2 , π •u appears in 33 before cancellation. By Lemma 7.2, we have that L yi (π • u) is counted in µ 0 L precisely when y i is the maximum of a critical fiber (i.e. the evaluation of L yi (π • u) at the output lies in the stable manifold of such a critical point).
Proof of lemma. First, we rule out that u has any marked (horizontally constant) components. If this is the case (and such components are non-constant), then by index formula 34 and the fiber monotonicity, π•u is of type Υ•π * Γ and has negative index. This contradicts lemma 5.2. Thus, u does not have any marked components and Ind[u, Γ, y] = Ind[π • u, Υπ * Γ, π(y)] = 0. It follows that all of the terms in the RHS of 34 are 0, and in particular µ F (u) = 0. If we can show that u is vertically constant, then the lemma will follow by uniqueness in Theorem 5.3:
Let J i → J G δ be a sequence of regular almost complex structures that are compatible with a sequence of complex-gauge equivalent connections H δi → H δ on π • u * E that satisfy the curvature requirement of Proposition 5.2, and J G δ has the fiberwise integrable structure as in section 5. By a regular homotopy argument, we have a corresponding sequence of J i -holomorphic configurations v i that all represent the same relative homology class. Gromov compactness gives us a limiting J G δ -holomorphic configuration v: By minimality of total energy for each v i and the non-negativity of the vertical Maslov index/Chern number, it holds that v has no vertical components. Hence, we can achieve transversality at v by perturbing the connections H i and H δ and base almost complex structure as in [Sch] . It follows that v has no sphere components: u and hence v is index 0, v lies in a regular moduli space and sphere bubbling is codimension 2.
Since v is J G δ -holomorphic for some δ, we can apply Donaldson's gauge transformation 21 to each component and get a J G δ -holomorphic section and a map v i : D → (F, L F ) which satisfies the Hamiltonian boundary value problem 13. Suppose thatṽ i is not covariant constant w.r.t. H for some i. Then in the trivialization provided by parallel transport in the Donaldson connection, we must have thatṽ
By energy quantization and the monotone assumption on L F , we must have that µ F (ṽ i ) > 0, which is a contradiction.
Hence, it follows that v is vertically constant and must agree with the lift from Theorem 5.3. Since the covariant constant property is independent of complexgauge orbit representative, we have that u must also be vertically constant and agree with the Donaldson lift up to a regular homotopy of almost complex structures.
If u projects to a constant configuration, then for index reasons and by monotonicity of L F , u is only counted when its image is contained in the maximal critical fiber F xM . Hence, u appears in i xM * µ 0 LF ,ι * ρ .
In the converse direction, suppose that u is counted on the RHS of 37. The fibers are monotone and K is large enough, so if u is counted by i xM * µ 0 LF , then it is a first order term on the LHS side. Similarly, if u is counted by L • µ 0 LB , then it appears as a second order term on the LHS.
Aside from units, the main point of potential is to allow us to calculate Floer cohomology in simple way. The general theorem that one looks to prove is: if we have a critical point of this potential at a particular representation, then the differential at the higher pages of the Morse-to-Floer spectral sequence vanishes and the Floer cohomology is isomorphic to the Morse cohomology. This is detailed in the next subsection.
7.1. The weak divisor equation. Moduli spaces defined via divisorial perturbations satisfy a weak form of the divisor equation from Gromov-Witten theory. With this principle one can use the cup product to count the number of holomorphic disks in a certain moduli, which allows us to get a relation between µ 1 and the derivative of µ 0 . First, we want to know that the exponential function makes sense in Λ 2 : In order for the exponential sum to converge, we have to introduce a natural topology as in [Fuk] .
Definition 7.1. Let Proof. Define
If this is well defined in Λ 2 , then it is clear that this is the limit of the sequence. Let p = i,j≥0 c ij q ρi r ηj ∈ Λ 2 with ρ 0 and η 0 such that ρ 0 + η 0 = min i,j ρ i + η j . Then exp(p) = 1 + ∞ n=0 c n 00 q nρ0 r nη0 /n! + higher degree terms. From ρ 0 + η 0 ≥ 0 and (1 − ǫ)ρ 0 + η 0 ≥ 0, we have that ρ 0 + η 0 = 0 if and only if ρ 0 = 0 and η 0 = 0, so we take two cases. First let us assume that ρ 0 + η 0 > 0. Then nρ 0 + nη 0 → ∞, so there are finitely many non-zero coefficient below any bounded degree.
If p = c 00 + higher degree terms with c 00 = 0, then
It is also clear that exp(p) ∈ Λ 2 in this case.
It follows that we can endow the space of representations Hom(
) with the structure of a smooth manifold using exp. Indeed, the exponential allows us to form the tensor product
, and we have a surjective map given by
that is locally an isomorphism. By the universal coefficients and Hurewicz homomorphism,
. This gives us a tangent space at each point, and it only remains to check that the transition maps are smooth.
From the above discussion, both µ 0 L and the second order potential define smooth maps
be the homology class of the union of the stable manifolds of the critical points appearing in the expression of γ (so this is a codimension 1 cycle). We have the following straightforward computation as in [CW] :
Where the perturbations for the moduli space M(L, D, y) 0 are given by pullback under the map that forgets an incoming edge. Thus if ρ is a critical point for µ 0 ρ , then the Floer differential vanishes on Morse 1-cocycles.
In practice, it is much easier to search for critical points of the leading potential with coefficients from the universal Novikov ring Λ t :
There is a ring homomorphism
and the weak divisor equation 
is surjective, and further that H * (L, Λ t ) is generated by degree one elements via the cup product. Then there is a representation
, and define
the maximum of f , and
These minima are attained due to Theorem 4.2. In order to relate B 2 to W 2 [t], we choose K in the weak coupling form to be large enough: As in the discussion from this section, let K be such that
where λ is the monotonicity constant for L F and Σ B is energy quantization for (B, L B ). Hence,
for this particular K. B 2 (θ) consists of the first and second order terms of ν 0 θ . Therefore, we can apply the induction argument from the proof of the strongly non-degenerate case of Theorem 10.4 [FOOOa] [Sch] ].
Proof. By the A ∞ relations,
We remark that there are no ν 3 terms due to the assumption that ν 0 is a strict unit. Let ν n β be the sum of terms in ν n β containing t β for β ≥ 0. We have
Move any terms involving β 2 = 0 on the right hand side to the other side:
Using this expression, we proceed by induction on cohomological degree and energy.
The base step (0, d) is given, since the computation takes place on the second page of the Morse-to-Floer spectral sequence. The above expression immediately implies the induction step, since the first two terms on the right hand side vanish by the induction hypothesis, since (
The last term on the right hand side also vanishes by the induction hypothesis since β 1 < β. This proves the lemma.
It follows from the lemma that the Morse-to-Floer spectral sequence collapses after the first page, and
. The symplectic topology of such a space is studied in [NNU] [CKO] [Pab] by using a toric degeneration of the U (3) Gelfand-Cetlin system. In particular, [NNU] show that one can find a Floer non-trivial torus in the interior of the G.-C. polytope (as well as in other flags), and [Pab] finds a whole line segment of non-displaceable tori in the monotone flag manifold by looking at a toric degeneration of the G.C.-system, and [CKO] expand upon this by showing non-displaceability of Lagrangian non-torus fibers and drawing connections to mirror symmetry. We show that one can find at least one of these non-displaceable Lagrangians in the fibration context.
Consider the moduli space of nested complex vector spaces V 1 ⊂ V 2 ⊂ C 3 . We can realize this as a symplectic fiber bundle P 1 → Flag(C 3 ) → P 2 , with the both the base and fiber monotone. Holomorphic (but not symplectic) trivializations for Flag(C 3 ) can be realized as follows. Start with a chain of subspaces
with V 1 ∈ P 2 represented as [z 0 , z 1 , z 2 ] with z 0 = 0. Using the reduced row echelon form, there is a unique point in P(V 2 ) with first coordinate zero, [0, w 1 , w 2 ]. On the open set U 0 of P 2 , we get a trivialization
which is a well defined element
. A similar transition matrix works for the other trivializations. Unfortunately, the above viewpoint is algebraic and does not contain any sort of symplectic structure. There is a natural symplectic form that we could use given by viewing Flag(C 3 ) as a coadjoint orbit U (3)/T with
where X, Y are in u(3)/{stab(ξ)} [Sil01] . Any point in the interior of the polytope for P 2 corresponds to a Lagrangian torus. In [FOOOa] , they calculate the full potential for such a torus by developing the virtual fundamental cycle perturbation technique, and show that the barycenter torus (the Clifford torus) is Floer-non-trivial, reproducing the work of [Cho04] . With our perturbation system, one can take the divisor in the base to be the union of the edges of the polytope
Such a divisor is stabilizing for the standard almost complex structure in the sense of Definition 3.6 for any of these tori for topological reasons: If the moment polytope of P 2 given by
assume that L B lies on the line segment x = y in Int(P 2 ); hence L B is of the form
for some a, b ∈ C and θ i ∈ S 1 . From [FOOOa] we have that the Maslov index two disks in the standard complex structure are regular and given by
and up to translation, where the domain for u 1 , u 2 is a disk of radius a and the domain for u 3 is a disk of radius b. Let x B denote the index 0 critical point of a Morse-Smale function The full potential is given by
where ρ 1 resp. ρ 2 is the x resp. y coordinate of L B in the moment polytope, which is directly proportional to the area of the corresponding disk.
To find a fibered Lagrangian we use a result from [GLS96] : Let F → E → B be a symplectic fibration with a compact G-action where the projection is equivariant. Denote ψ as the moment map for the action of G on B. Let ∆ be an open set of the moment polytope containing L B , and set U = ψ −1 (∆). The discussion in [GLS96] section 4.6 leads to the following theorem:
Theorem 8.1. [GLS96] After possibly shrinking U there is a symplectic connection H on π −1 (U ) such that the moment map for action on the weak coupling form
See section 4 of [GLS96] for a proof. We take G = T 3 /diag, which acts on Flag(C 3 ) via
Such an action projects to the standard torus action on P 2 . Theorem 8.1 gives us a connection Γ and an open subset ∆ of the moment polytope for P 2 containing ψ(L B ) such that parallel transport around a moment fiber T 2 ⊂ P 2 is given precisely by the above torus action. Thus, (ψ • π) −1 (∆) is symplectically trivialized as ψ −1 (δ × P 1 ). In lieu of the ability to change the connection on an open set (see the G-equivariant versions of theorems 2.3 and 2.2), one can extend such a connection to all of Flag(C 3 ) and form an isotopy to the original weak coupling form with small fibers.
To construct our candidate Lagrangian we will take
in such a trivialization. On the other hand, we sketch how to obtain a Lagrangian with respect to a connection with non-trivial holonomy. Let h ∈ Λ 1 (L B , C ∞ 0 (P 1 , R) be a 1-form on L B with values in 0-average Hamiltonians on P 1 . Assume that Cliff(P 1 ) is contained in the same level set of h in every fiber, so that L is invariant under the holonomy prescribed by dh. We extend h to a neighborhood of L B via a cutoff function and take a new symplectic form ω P 1 − dh + Kπ * ω P 2 on the GLS trivialization. Finally, we "glue" this modified trivialization back into Flag(C 3 ).
8.1.1. Floer cohomology. The Lagrangian L is topologically trivial, so we can pick the three-way sum of S 1 height functions f := f 1 + f 2 + f 3 as our Morse-Smale function. Further, choose a pseudo-gradient X f that models the flow of m and splits as a direct sum
We use the 2nd order potential from Theorem 7.1 to compute the Floer cohomology of L. The lifted potential 6.3 is
for some integers k, l, and j, where e v (Lu i ) is the integral of the Hamiltonian 1-form around ∂D. The inclusion of the potential for Cliff(P 1 ) in the fiber above x 0 is
, and hence e v (v 1 ) = e v (v 2 ). By Theorem 7.1 the second order potential for the total Lagrangian is a sub-sum of
Where the ∼ means that we have yet to ignore the terms with deg q = 0 of higher total degree. We change the basis of Hom(π 1 (L), Λ 2× ):
for some m ∈ Z. Since the first part of this expression is symmetric in y 3 , we can assume that m ≥ 0 by a further change of basis.
We now specialize to the case that L B = Cliff(P 2 ). Hence ρ i = ρ and the holonomy on L B is trivial. In such a case, it follows that the exponent of any r variable which multiplies a q variable in 43 is zero by Lemma 5.1, Proposition 5.2, and the vanishing of the holonomy on L B . This is not necessarily invariant under change of symplectic form, so we leave the r variable. In any event, we can assuming that the S 3 permutation action on P 2 preserves the minimal coupling form and the chosen perturbation datum is S 3 invariant. Thus, all terms with q ρ r ev (Lui) are of the same degree. The partial derivatives of
Setting expressions 45 and 46 equal to 0 gives three convenient solutions y 1 = y 2 = y m/3 3 . It remains to solve 47=0. Making the substitutions for y 1 , y 2 and setting equal to zero gives us
We normalize via the transformation y 3 → y 
While the power of r is most likely negative, we can pick K large enough in the weak coupling form so that q ρ r η is in the ring Λ 2 .
The ring Λ t becomes a Λ 2 -algebra via the homomorphism q, r → t, so let us instead solve the equation (49) y 
which says that this Lagrangian is non-displacable via Hamiltonian isotopy and recovers the result from [NNU] .
Remark 8.1 (Floer-non-trivial Lagrangians that fiber over other moment tori). It is unclear to the author if one can pick L B to be any other moment fiber in P 2 and achieve the same result. It would be interesting if one could see a line segment of non-displaceable tori in the monotone case [Pab] [CKO] from the fibration perspective, and one approach is the following: If L B is not the barycenter of P 2 , the base disks will have differing areas, but one could feasibly introduce a Hamiltonian perturbation above L B so that the total energy of the lifted disks are all the same. Such a change in holonomy would lead to the same non-zero solution to the system 45 46 47.
There is a distinct problem with such an approach: Say we perturb the holonomy of L F around L B by the 1-form h. Extend h to the rest of P 2 via a smooth cutoff. This corresponds to the transformation
and the problem is that in order to get all of the lifted disks to be the same area, we may have to make h large. Since dh has horizontal components, a − dh + Kπ * ω P 2 may degenerate, and one would have to take K to be larger. Changing K skews the area of the lifted disks by their base area, which ruins what the perturbation h tried to accomplish. It would be interesting if one could somehow show that it was possible to perturb by dh and make the areas of the lifted disks to be the same without needing to change K. On the other hand, the impossibility of such a task might suggest that something about deeper about the symplectic topology of Flag(C 3 ) as a fibration.
Remark 8.2. At first glace, it would seem that the case of a product Lagrangian L ⊂ P(O ⊗ O n ) → P 2 which fibers over Cliff(P P 2 ) is intimately similar from the point of view of our theory. Presumably the cases of P(O ⊗ O n ) for different n are distingushed by the relationship between k, l, and j in 42. On the other hand, it is possible that the higher degree terms differ between Flag(C 3 ) and P(O ⊗ O n ), in a manner that is similar to the difference between the full potentials for F 1 and F 2 as in [Fuk; Aur] . 8.2. Initially Complete Flags. The Floer-non-trivial three torus in Flag(C 3 ) inspires a search of non-displaceable tori higher dimensional flag manifolds with the same machinery. We give a construction of a fibered Lagrangian in an initially complete flag manifold and compute its disk potential.
Let F k n be the manifold of initially complete flags
We need small fibers for the Floer theory to work, so the symplectic form will be scaled at each step in the fibration
We construct a Floer-non-trivial Lagrangian in F k n by induction on k. 
Constructing and computing Floer theory for
We illustrate the step from k = 1 to k = 2 to derive a model for the higher order cases.
There is a fibration π 2 : F 2 n → P n with fiber P n−1 , so by Theorem 8.1, there is a T n -invariant open neighborhood U 1 of Cliff(P n ) and a symplectic connection on F 2 n such that the moment map for the action of T n ⊂ U (n + 1)/U (1) on π −1 2 (U 1 ) is Φ • π 2 , where Φ : P n → t n∨ is the moment map for P n . At the level set of Φ • π 2 that lies above Cliff(P n ), we have a symplectic trivialization Φ • π −1 2 (0) ∼ = Cliff(P n ) × P n−1 by an argument similar to that in Example 8.1. Thus, pick the Lagrangian L 2 = Cliff(P n ) × Cliff(P n−1 ) ⊂ F 2 n . We calculate the second order potential for L 2 using Theorem 7.1 and show that it has a critical point. Let y i be the evaluation of the local system ρ on the first n factors, and z j be the evaluation on the last n − 1 factors. The potential for Cliff(P n ) is
where e(u i ) = 
where ν i and ν are multindices with z ν := z ν1 1 · · · z νn−1 n−1 given by the holonomy of the connection around the boundary of Lu i . By changing the basis of π 1 (L), we can assume that ν i = (0, . . . , 0). Moreover, we can assume that the integral of the holonomy 1-form around the boundary of each disk is the same. By Theorem 7.1 the second order potential of L 2 is
By Corollary 5.2, it follows that e v (Lu i ) = 0 for all i. However, we leave these exponents in place for future reference, in the interest of the computation for a non-trivially-fibered Lagrangian. The search for a critical point yields the equation
Since the u i resp. w i are Maslov index 2 disks that are bounded by Cliff(P n ) resp. Cliff(P n−1 ), we have that e(u i ) = e(u j ), ∀i, j and e v (w i ) = e v (w j ), ∀i, j. In the same vein of example 8.1, the lift of the S n+1 action on P n permutes the relative homology classes of Lu i . If we assume that the form a and Morse function are S n+1 invariant, then we have
With these assumptions, the system 52 gives (55)
for every i, where y ei = y i y 1 · · · y n . Notably, this forces y i = y j . Next, we divide 53 by r ev (wj ) assuming that K in the weak coupling form is large enough, and replace the formal variables q, r with t
Clearing the denominator:
where e = (1, . . . , 1) and e j = (1, . . . , gives a solution to 55, 56 (mod t α ) for each k. In order to apply Hensel's lemma, we need to show that the Jacobian of the system at this solution is a unit. Let f i = (0, . . . , i 1, 0, . . . , 0). ∂f j ∂z i = (ν i + 1 + δ ij )z ν+ej−fi − ν i z ν−fi (mod t α )
∂f j ∂y i = 0 (mod t α )
∂g j ∂z i = ν i y ej z ν−fi (mod t α )
∂g j ∂y i = (1 + δ ij )y ej−fi z ν (mod t α )
For the mapping Υ(z 1 , . . . , z n−1 , y 1 , . . . , y n ) = (f 1 , . . . , f n−1 , g 1 , . . . , g n ) the matrix D (ℵ k ,...,ℵ k , k ,..., k ) Υ has entries that are listed above. This is invertible for k = 0 (among other values). Therefore,
and by Hensel's lemma there is a solution ‫ג(‬ 1 , . . . , ‫ג‬ n−1 , 1 , . . . , n ) to 55, 56 with
These solution solve the system 52, 53. By Theorem 7.2, there is a local system ξ such that
Constructing L k+1 ⊂ F k+1 n : Assume we have constructed a Floer-non-trivial Lagrangian L l ⊂ F l n for each l ≤ k < n that fibers over Cliff(P n ). The two parts of the induction step are construction of L k+1 and the computation of the disk potential.
For the construction, we view F k n as a fiber bundle F
There is the Hamiltonian T n action on F k n given by
By Theorem 8.1 there is a T n equivariant subset Cliff(P n ) ⊂ V ⊂ P n and a symplectic connection Γ ′ so that the moment map for this action on a Γ ′ + π * k ω V is ψ • π k , where ψ is the moment map for the standard T n action on P n . Now, we apply the same result 8.1 to the fibration
There is an open set L k ⊂ U ⊂ F k n and a symplectic connection Γ on π −1 (U ) for which the moment map for the T n action is ψ • π k • π. Let ∆ be the barycenter of the moment polytope for P n . Symplectically, we have that
Disk potential for L k+1 . Finally, we compute the second order potential for L k+1 . Let ω k = a Γ ′ + K 1 π * k ω F S with e(u) as the energy of a disk with respect to ω k . The induction hypothesis is that we assume L k is unobstructed and Floer-non-trivial in F k n . Some notation: Let u i|j denote the j th holmorphic disk with boundary in the fiber of L i (the i th Clifford torus) according to the classification by [Cho04] , and let x i|j be the corresponding evaluation of the local system on the boundary of u i|j . Let 
The notation of the lifting operator is suppressed, i.e. u i|j denotes L k+1−i u i|j where L is the lift of a disk from (F l−1 n , L l−1 ) to (F l n , L l ). Here, ν i|j are the exponents corresponding to the representation evaluated on the lift L • L j−i−1 u i|n+2−i from (F j−1 n , L j−1 ) to (F j n , L j ) (and the result of the change of basis that absorbs any result of lifting u i|m for m ≤ n + 1 − i). Since L k is constructed from Clifford tori and we assume the fiberwise symplectic form is always S n+1 invariant, we have e(u i|m ) = e(u i|l ). If the fiberwise symplectic form is small enough at each step, we have e(u i|l ) < e(u j|m ) for i < j. With this in mind, W to compute the Floer theory of L k+1 . Let ω k+1 = a Γ + K 2 π * ω k . For a J-holomorphic disk u : D → (F k+1 n , L k+1 ), let e v (u) denote the energy with respect to a Γ , and e(u) the energy with respect to K 2 π * ω k . After a suitable change of basis for the x i|j j ≤ n + 1 − i, the lift of 57 is by definition 
By the classification of disks with boundary in Cliff(P n−k ) and 
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The partial derivative of this potential with respect to the variables x k+1|j (after tensoring with t and factoring) is
Setting x k+1|l = e 2πim n−k+1 for all l gives a solution to 63 = 0 (mod t). Similarly, setting x i|j to some consistent root of unity gives a solution to
Thus, an application of the multivariate Hensel's lemma gives us a solution to
By Theorem 7.2, there is a representation ξ ∈ Hom(π 1 (L k+1 ), Λ t ) so that
so that L k+1 is Hamiltonian non-displacable.
8.3. Hirzebruch Surfaces. We compute the leading potential for a well-known (trivially-)fibered Labgrangian in a Hirzebruch surface. While the symplectic topology of these surfaces are studied in depth via their toric structure [FOOOa] [Aur] [FOOOb] , we test our machinery by comparison. Let E → P 1 be a rank two complex vector bundle. A result of Grothendieck [BHPV04] , say that this splits as a sum of complex line bundles O n ⊕ O m . One can then projectivize P(E) → P 1 . We can normalize by tensoring to get P(O ⊕ O n ) → P 1 , which we take as the n th Hirzebruch surface F n . Take Cliff(P 1 ) := L B . As per Theorem 20, we can deform the connection above L B so that π −1 (L B ) ∼ = L B × P 1 as symplectic fibration. We choose a constant section of equators, each denoted L F .
For a representation ρ ∈ Hom(π 1 (L), Λ 2× ) let y 1 ,y 2 denote the values on the canonical generators. Denote the weak coupling form ω = a + Kπ * ω F S , and a regular fibered perturbation datum (P Γ ).
Following section 5, we first take a regular complex structure on B and compute the vertically constant lifts of the Maslov 2 disks. The integrable complex structure is regular for the Maslov 2 disks u i i = 1, 2, and the divisor consisting of two points is stabilizing for such a structure.
The evaluation of the representation on a lift of the u i is determined by the difference in the trivializations over u 1 vs. u 2 . We can take a basis of hom(π 1 (L), Λ 2× ) so that the evaluation of a representation ρ on Lu 1 is y 1 and the evaluation on L(u 2 ) is y −1 1 y n 2 . We take the fiberwise integrable complex structure and then perturb the connection to achieve transversality for the disks. The connection is not perturbed over L B , so the representation listed above are preserved.
Let e(u) := e(π • u) = K π • u * ω B . Let v i denote the two hemispherical disks with boundary in L F in the index 0 fiber. From Theorem 7.1 we have Since the fiber Lagrangian is a Clifford torus, we can assume that r ev (v1) = r ev (v2) . Moreover, we have that e v (Lu 1 ) = e v (Lu 2 ) = 0 by Corollary 5.2. 
The base Lagrangian is a Clifford torus, so we have that e(u 1 ) = e(u 2 ). The zero locus of 64 contains the locus y The reduction of which mod t has 4 simple roots. By Hensel's lemma, there are four unital solutions to 68 in Λ t . It follows from proposition 7.2 that there is a representation τ ∈ Hom(π 1 (L), Λ × t ) so that HF (L, Λ t , τ ) ∼ = H Morse (L, Λ t ).
